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Abstract
In the present paper we have considered h-Randers conformal change
of a Finsler metric L, which is defined as
L(x, y)→ L¯(x, y) = eσ(x)L(x, y) + β(x, y),
where σ(x) is a function of x, β(x, y) = bi(x, y)y
i is a 1- form on
Mn and bi satisfies the condition of being an h-vector. We have ob-
tained the expressions for geodesic spray coefficients under this change.
Further we have studied some special Finsler spaces namely quasi-C-
reducible, C-reducible, S3-like and S4-like Finsler spaces arising from
this metric. We have also obtained the condition under which this
change of metric leads a Berwald (or a Landsberg) space into a space
of the same kind.
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1 Introduction
Let Mn be an n-dimensional differentiable manifold and F n be a Finsler
space equipped with a fundamental function L(x, y), (yi = x˙i) of Mn. If
a differential 1-form β(x, y) = bi(x)y
i is given on Mn, M. Matsumoto [7]
introduced another Finsler space whose fundamental function is given by
L¯(x, y) = L(x, y) + β(x, y)
This change of Finsler metric has been called β-change [10, 11].
The conformal theory of Finsler spaces was initiated by M.S. Knebelman [6]
in 1929 and has been investigated in detail by many authors [1, 2, 3, 4]. The
conformal change is defined as
L¯(x, y)→ eσ(x)L(x, y),
where σ(x) is a function of position only and known as conformal factor.
In 1980, Izumi [3] introduced the h-vector bi which is v-covariantly constant
with respect to Cartan’s connection CΓ (i.e. bi|j = 0) and satisfies the
relation LChijbh = ρhij , where C
h
ij are components of (h)hv-torsion tensor
and hij are components of angular metric tensor. Thus the h-vector is not
only a function of coordinates xi, but it is also a function of directional
arguments satisfying L∂˙jbi = ρhij .
In the paper [14] S. H. Abed generalized the above two changes and have
introduced another Finsler metric named as Conformal β- change and further
Gupta and Pandey [15] renamed it Randers conformal change and obtained
various important result in the filed of Finsler spaces. Recently we [13] have
generalized the metric given by S. H. Abed with the help of h-vector and
have introduced another Finsler metric which is defined as
L¯(x, y) = eσ(x)L(x, y) + β(x, y), (1.1)
where σ(x) is a function of x and β(x, y) = bi(x, y)y
i is a 1- form on
Mn and bi satisfies the condition of being an h-vector, We call the change
L(x, y) → L¯(x, y) as h-Randers conformal change. This change generalizes
various types of changes. When β = 0, it reduces to a conformal change.
When σ = 0, it reduces to a h-Randers change [9]. When β = 0 and σ is a
non-zero constant then it reduces to a homothetic change. When bi is func-
tion of position only and σ = 0, it reduces to Randers change[12]. When bi
and σ are functions of position only, it reduces to Randers conformal change
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[14, 15].
In the present paper we have obtained the expressions for geodesic spray
coefficients under this change. Further we have studied some special Finsler
spaces namely quasi C-reducible, C-reducible, S3-like and S4-like Finsler
spaces arising from this metric. We have also obtained the conditions under
which this change of metric leads a Berwald (or a Landsberg) space into a
space of the same kind.
2 h-Randers conformal change
Let the Cartan’s connection of Finsler space F n be denoted by CΓ = (F ijk, G
i
j, C
i
jk).
Since bi(x, y) are components of h-vector, we have
(a) bi|j = ∂˙jbi − bhC
h
ij = 0 (b) LC
h
ijbh = ρhij (2.1)
Hence we obtain
∂˙jbi = L
−1ρhij (2.2)
Since hij are components of an indicatory tensor i.e. hijy
j = 0, we have
∂˙iβ = bi.
Definition 2.1. Let Mn be an n-dimensional differentiable manifold and F n
be a Finsler space equipped with a fundamental function L(x, y), (yi = x˙i) of
Mn. A change in the fundamental function L by the equation (1.1) on the
same manifold Mn is called h-Randers conformal change. A space equipped
with fundamental metric L¯ is called h-Randers conformally changed Finsler
space F¯ n.
Differentiating equation (1.1) with respect to yi, the normalized support-
ing element l¯i = ∂˙iL¯ is given by
l¯i = e
σli + bi, (2.3)
where li = ∂˙iL is the normalized supporting element li of F
n.
Differentiating (2.3) with respect to yj and using (2.2) and the fact that
∂˙jli = L
−1hij, we get
h¯ij = φhij , (2.4)
where φ = L−1L¯(eσ + ρ) and hij = L∂˙i∂˙jL is the angular metric tensor in
the Finsler space F n.
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Since hij = gij − lilj , from (2.3) and (2.4) the fundamental tensor g¯ij =
∂˙i∂˙j
L¯2
2
= h¯ij + l¯il¯j is given as
g¯ij = φgij + bibj + e
σ(bilj + bjli) + (e
2σ − φ)lilj (2.5)
It is easy to see that the det(g¯ij) does not vanish, and the reciprocal tensor
with components g¯ij of F¯ n, obtainable from g¯ijg¯jk = δ
i
k, is given by
g¯ij = φ−1gij − µlilj − φ−2(eσ + ρ)(libj + ljbi), (2.6)
where µ = (eσ + ρ)2φ−3(eσ − b2 − φ), b2 = bib
i, bi = gijbj and g
ij is the
reciprocal tensor of gij of F
n.
We have following lemma [13]:
Lemma 2.1. The scalar ρ used in the condition of h-vector is a function of
coordinates xi only.
From equations (1.1), (2.3) and lemma 2.1 we have
∂˙iφ = L
−1(eσ + ρ)mi, (2.7)
where
mi = bi − (L
−1β)li (2.8)
Differentiating (2.4) with respect to yk and using (2.3), (2.4), (2.7) and the
relation ∂˙khij = 2Cijk − L
−1(lihjk + ljhik), the Cartan covariant tensor C¯ijk
is given by
C¯ijk = φCijk +
(eσ + ρ)
2L
(hijmk + hjkmi + hkimj), (2.9)
where Cijk is (h)hv-torsion tensor of Cartan’s connection CΓ of Finsler space
F n.
From the definition of mi, it is evident that
(a) mil
i = 0, (b) mib
i = b2 −
β2
L2
= bim
i, (2.10)
(c) gijm
i = hijm
i = mj, (d) Cihjm
h = L−1ρhij
From (2.1), (2.6), (2.9) and (2.10), we get
C¯hij = C
h
ij +
1
2L¯
(hijm
h + hhjmi + h
h
imj)−
1
L¯
[{ρ+
L
2L¯
(b2 − (2.11)
β2
L2
)}hij +
L
L¯
mimj]l
h
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Proposition 2.1. Let F¯ n = (Mn, L¯) be an n-dimensional Finsler space
obtained from the h-Randers conformal change of the Finsler space F n =
(Mn, L), then the normalized supporting element l¯i, angular metric tensor
h¯ij, fundamental metric tensor g¯ij and (h)hv-torsion tensor C¯ijk of F¯
n are
given by (2.3), (2.4), (2.5) and (2.9) respectively.
3 Geodesic Spray coefficients of F¯ n
Let s be the arc-length of a curve xi = xi(t) on a differentiable manifold
Mn, then the equation of a geodesic [5] of F n = (Mn, L) is written in the
well-known form:
d2xi
ds2
+ 2Gi(x,
dx
ds
) = 0, (3.1)
where functions Gi(x, y) are the geodesic spray coefficients given by
2Gi = gir(yj∂˙r∂jF − ∂rF ), F =
L2
2
.
Now suppose s¯ is the arc-length of a curve x¯i = x¯i(t) on a differentiable man-
ifold Mn in the Finsler space F¯ n = (Mn, L¯), then the equation of geodesic
in F¯ n can be written as
d2xi
ds¯2
+ 2G¯i(x,
dx
ds¯
) = 0, (3.2)
where functions G¯i(x, y) are given by
2G¯i = g¯ir(yj∂˙r∂jF¯ − ∂rF¯ ), F¯ =
L¯2
2
.
Since ds¯ = L¯(x, dx), this is also written as
ds¯ = eσ(x)L(x, dx) + bi(x, y)dx
i = eσ(x)ds+ bi(x, y)dx
i
Since ds = L(x, dx), we have
dxi
ds
=
dxi
ds¯
[eσ(x) + bi(x, y)
dxi
ds
] (3.3)
Differentiating (3.3) with respect to s, we have
d2xi
ds2
= d
2xi
ds¯2
[eσ(x) + bi
dxi
ds
]2 + dx
i
ds¯
(de
σ(x)
ds
+ dbi
ds
dxi
ds
+ bi
d2xi
ds2
)
5
Substituting the value of dx
i
ds¯
from (3.3), the above equation becomes
d2xi
ds2
=
d2xi
ds¯2
[eσ(x) + bi
dxi
ds
]2 +
dxi
ds
[eσ(x) + bi
dxi
ds
]
(
deσ(x)
ds
+ (3.4)
dbi
ds
dxi
ds
+ bi
d2xi
ds2
)
Now differentiating equation (1.1) with respect to xi we have
∂iL¯ = e
σAi +Bi, (3.5)
where Ai = L∂iσ + ∂iL and Bi = ∂i{br(x, y)}y
r.
Differentiating above equation with respect to yj we have
∂˙j∂iL¯ = e
σ∂˙jAi + ∂˙jBi, (3.6)
where ∂˙jAi = lj∂iσ + ∂˙j∂iL and ∂˙jBi = ∂˙j{∂ibr(x, y)}y
r + ∂ibr(x, y)δ
r
j .
Since
2G¯r = y
j(l¯r∂jL¯+ L¯∂˙r∂jL¯)− L¯∂rL¯
therefore using equations (2.3), (3.5) and (3.6) we have
2G¯r = 2e
2σGr + y
j{2e2σlrL∂jσ + e
σ(lrBj + brAj) + brBj + (3.7)
eσL∂˙rBj + βe
σ∂˙rAj + β∂˙rBj} − (e
2σL2∂rσ + e
σLBr
+βeσAr + βBr),
where Gr = y
j{lr∂jL+L∂˙r∂jL}−L∂rL is the spray coefficients for the Finsler
space F n.
Using equations (2.6) and (3.7) we have
G¯i = JGi +M i, (3.8)
where Gi = girGr, J =
1
φ
, and M i = 1
2
e2σGr{−µl
ilr − φ−2(eσ + ρ)(libr +
lrbi)}+ 1
2
[φ−1gir − µlilr − φ−2(eσ + ρ)(libr + lrbi)][yj{2e2σlrL∂jσ + e
σ(lrBj +
brAj)+ brBj + e
σL∂˙rBj +βe
σ∂˙rAj +β∂˙rBj}− (e
2σL2∂rσ+ e
σLBr+βe
σAr+
βBr)].
Theorem 3.1. Let F¯ n = (Mn, L¯) be an n-dimensional Finsler space obtained
from the h-Randers conformal change of the Finsler space F n = (Mn, L),
then the the geodesic spray coefficients G¯i for the Finsler space F¯ n are given
by (3.8) in the terms of the geodesic spray coefficients Gi of the Finsler space
F n.
6
Corollary 3.1. Let F¯ n = (Mn, L¯) be an n-dimensional Finsler space ob-
tained from the h-Randers conformal change of the Finsler space F n =
(Mn, L), then the equation of geodesic of F¯ n is given by (3.2), where d
2xi
ds¯2
and G¯i are given by (3.4) and (3.8) respectively.
4 C-reducibilty of F¯ n
Following Matsumoto [8], in this section we shall investigate special cases
of the Finsler space with h-Randers conformally changed Finsler space F¯ n.
Definition 4.1. A Finsler space (Mn, L) with dimension n ≥ 3 is said to be
quasi-C-reducible if the Cartan tensor Cijk satisfies
Cijk = QijCk +QjkCi +QkiCj, (4.1)
where Qij is a symmetric indicatory tensor.
Substituting h = j in equation (2.11) we get
C¯i = Ci +
(n+ 1)
2L¯
mi (4.2)
Using equations (2.9) and (4.2), we have
C¯ijk = φCijk +
φ
(n+1)
pi(ijk){hij(C¯k − Ck)},
where pi(ijk) represents cyclic permutation and sum over the indices i, j and
k.
The above equation can be written as
C¯ijk = φCijk +
φ
(n+1)
pi(ijk)(hijC¯k)−
φ
(n+1)
pi(ijk)(hijCk)
Thus
Lemma 4.1. In an h-Randers conformally changed Finsler space F¯ n, the
Cartan’s tensor can be written in the form
C¯ijk = pi(ijk)(H¯ijC¯k) + Vijk, (4.3)
where H¯ij =
h¯ij
(n+1)
and Vijk = φCijk −
φ
(n+1)
pi(ijk)(hijCk).
Since H¯ij is a symmetric and indicatory tensor, so from the above lemma
and (4.1) we get
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Theorem 4.1. An h-Randers conformally changed Finsler space F¯ n is quasi-
C-reducible if the tensor Vijk of equation (4.3) vanishes identically.
We obtain a generalized form of Matsumoto’s result known [8] as a corol-
lary of the above theorem
Corollary 4.1. If F n is Reimannian then an h-Randers conformally changed
Finsler space F¯ n is always a quasi-C-reducible Finsler space.
Definition 4.2. A Finsler space (Mn, L) of dimension n ≥ 3 is called C-
reducible if the Cartan tensor Cijk is written in the form
Cijk =
1
(n+ 1)
(hijCk + hkiCj + hjkCi) (4.4)
Now from equation (2.9) and definition of C-reducibility we have
φCijk = pi(ijk)(h¯ijNk), (4.5)
where Nk =
1
(n+1)
C¯k −
1
2L¯
mk. Conversely, if (4.5) is satisfied for certain
covariant vector Nk then from (2.9) we have
C¯ijk =
1
(n+ 1)
pi(ijk)(h¯ijC¯k) (4.6)
Thus we have
Theorem 4.2. An h-Randers conformally changed Finsler space F¯ n is C-
reducible iff equation (4.5) holds good.
Corollary 4.2. If the Finsler space F n is C-reducible Finsler space, then
an h-Randers conformally changed Finsler space F¯ n is always a C-reducible
Finsler space.
5 Some Important tensors of F¯ n
The v-curvature tensor [8] of Finsler space with fundamental function L
is given by
Shijk = CijrC
r
hk − CikrC
r
hj
Therefore the v-curvature tensor of an h-Randers conformally changed Finsler
space F¯ n will be given by
S¯hijk = C¯ijrC¯
r
hk − C¯ikrC¯
r
hj (5.1)
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From equations (2.9) and (2.11) we have
C¯ijrC¯
r
hk = φ[CijrC
r
hk + (
ρ
LL¯
−
m2
4L¯2
)hhkhij +
1
2L¯
(Cijkmh + (5.2)
Cijhmk + Cihkmj + Chjkmi) +
1
4L¯2
(hhjmimk +
hhimjmk + hjkmimh + hikmhmj)],
where hjrC
r
hk = Cjhk = h
r
jCrhk, mim
i = m2.
Using equations (5.1) and (5.2) we have
S¯hijk = φ[Shijk + (
ρ
LL¯
−
m2
4L¯2
){hhkhij − hhjhik}+
1
4L¯2
{hhjmimk (5.3)
−hhkmimj + hikmhmj − hijmhmk}]
Proposition 5.1. In an h-Randers conformally changed Finsler space F¯ n
the v-curvature tensor S¯hijk is given by (5.3).
It is well known[8] that the v-curvature tensor of any three-dimensional
Finsler space is of the form
L2Shijk = S(hhjhik − hhkhij), (5.4)
where scalar S in (5.4) is a function of x alone.
Owing to this fact M. Matsumoto defined the S3-like Finsler space as
Definition 5.1. A Finsler space F n (n ≥ 3) is said to be S3-like Finsler
space if the v-curvature tensor is of the form (5.4).
The v-curvature tensor of any four-dimensional Finsler space may be
written as [8]:
L2Shijk = Θ(jk){hhjKki + hikKhj}, (5.5)
where Kij is a (0, 2) type symmetric Finsler tensor field which is such that
Kijy
j = 0 and the symbol Θ(jk){...} denotes the interchange of j, k and
subtraction. The definition of S4-like Finsler space is given as
Definition 5.2. A Finsler space F n(n ≥ 4) is said to be S4-like Finsler space
if the v-curvature tensor is of the form (5.5).
From equation (5.3) we have
9
Lemma 5.1. The v-curvature tensor S¯hijk of a h-Randers conformally changed
Finsler space can be written as
S¯hijk = S¯(h¯hjh¯ik − h¯hkh¯ij) + Uhijk, (5.6)
where S¯ = − 1
φ
( ρ
LL¯
− m
2
4L¯2
) and Uhijk = φ[Shijk +
1
4L¯2
{hhjmimk − hhkmimj +
hikmhmj − hijmhmk}]
From lemma (5.1) and definition of S3-like Finsler space we have
Theorem 5.1. An h-Randers conformally changed Finsler space F¯ n is S3-
like if the tensor Uhijk of equation (5.6) vanishes identically.
From equation (5.3) we have
Lemma 5.2. The v-curvature tensor S¯hijk of an h-Randers conformally
changed Finsler space can also be written as
S¯hijk = Θ(jk)(h¯ijKij + h¯ikKhj) + φShijk, (5.7)
where Kij =
1
4L¯2
mimj −
1
2
( ρ
LL¯
− m
2
4L¯2
)hij.
Thus from lemma(5.2) and definition of S4-like Finsler space we have
Theorem 5.2. If the v-curvature tensor of Finsler space F n vanishes iden-
tically then an h-Randers conformally changed Finsler space F¯ n is S4-like
Finsler space.
Now we are concerned with (v)hv-torsion tensor Pijk. With respect to
the Cartan’s connection CΓ, L|i = 0, li|j = 0, hij|k = 0 hold good [8].
Taking h-covariant derivative of the equation (2.9) we have
C¯ijk|h = L
−1L¯(eσσ|h + ρ|h){Cijk +
1
2L¯
(hijmk + hjkmi + hkimj)} (5.8)
+φ{Cijk|h +
1
2L¯
(hijmk|h + hjkmi|h + hkimj|h)},
where mi|h = bi|h − L
−1libr|hy
r.
Lemma 5.3. The h-covariant derivative of the Cartan tensor C¯ijk of an
h-Randers conformally changed Finsler space F¯ n can be written as
C¯ijk|h = φCijk|h + Vijkh, (5.9)
where Vijkh = L
−1L¯(eσσ|h+ρ|h){Cijk+
1
2L¯
(hijmk+hjkmi+hkimj)}+
φ
2L¯
(hijmk|h+
hjkmi|h + hkimj|h).
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The (v)hv-torsion tensor Pijk of the Cartan connection CΓ is written in
the form
Pijk = Cijk|0,
where the subscript ’0’ means the contraction with respect to the supporting
element yi.
From the equation (5.8), the (v)hv-torsion tensor P¯ijk is given by
P¯ijk = φPijk + L
−1L¯(eσσ|0 + ρ|0){Cijk +
1
2L¯
(hijmk + hjkmi + (5.10)
hkimj)}+
φ
2L¯
{hijmk|0 + hjkmi|0 + hkimj|0}
Thus we have
Proposition 5.2. The (v)hv-torsion tensor P¯ijk of an h-Randers confor-
mally changed Finsler space can be written in the form of (5.10).
From the equation (5.10) we have
Lemma 5.4. The (v)hv-torsion tensor P¯ijk of an h-Randers conformally
changed Finsler space can also be written as
P¯ijk = φPijk +Wijk, (5.11)
where Wijk = L
−1L¯(eσσ|0 + ρ|0){Cijk +
1
2L¯
(hijmk + hjkmi + hkimj)} +
φ
2L¯
{hijmk|0 + hjkmi|0 + hkimj|0}.
We have
Definition 5.3. A Finsler space is called a Berwald space if Cijk|h = 0 holds
good.
Definition 5.4. A Finsler space is called a Landsberg space if Pijk = 0 holds
good.
In view of above definition (5.3) and the lemma (5.3) we have
Theorem 5.3. If a Finsler space F n is a Berwald space and the tensor Vijkh
of equation (5.9) vanishes identically then an h-Randers conformally changed
Finsler space F¯ n is a Berwald space.
In view of above definition (5.4) and the lemma (5.4) we have
Theorem 5.4. If a Finsler space F n is a Landsberg space and the tensor
Wijk of equation (5.11) vanishes identically then an h-Randers conformally
changed Finsler space F¯ n is a Landsberg space.
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